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Quantitative Analysis of Diffusion Tensor Orientation:
Theoretical Framework
Yu-Chien Wu,1,2 Aaron S. Field,3 Moo K. Chung,2,4,5 Benham Badie,6
and Andrew L. Alexander1,2,7*
Diffusion-tensor MRI (DT-MRI) yields information about the
magnitude, anisotropy, and orientation of water diffusion of
brain tissues. Although white matter tractography and eigenvector color maps provide visually appealing displays of white
matter tract organization, they do not easily lend themselves to
quantitative and statistical analysis. In this study, a set of visual
and quantitative tools for the investigation of tensor orientations in the human brain was developed. Visual tools included
rose diagrams, which are spherical coordinate histograms of
the major eigenvector directions, and 3D scatterplots of the
major eigenvector angles. A scatter matrix of major eigenvector
directions was used to describe the distribution of major eigenvectors in a deﬁned anatomic region. A measure of eigenvector dispersion was developed to describe the degree of
eigenvector coherence in the selected region. These tools were
used to evaluate directional organization and the interhemispheric symmetry of DT-MRI data in ﬁve healthy human brains
and two patients with inﬁltrative diseases of the white matter
tracts. In normal anatomical white matter tracts, a high degree
of directional coherence and interhemispheric symmetry was
observed. The inﬁltrative diseases appeared to alter the eigenvector properties of affected white matter tracts, showing decreased eigenvector coherence and interhemispheric symmetry. This novel approach distills the rich, 3D information available from the diffusion tensor into a form that lends itself to
quantitative analysis and statistical hypothesis testing. Magn
Reson Med 52:1146 –1155, 2004. © 2004 Wiley-Liss, Inc.
Key words: rose diagram; scatter matrix; directional analysis;
anisotropy; dyadic tensor; oligodendroglioma

Diffusion-tensor MRI (DT-MRI) provides unique microstructural and physiological information about biological
tissues that is not available through other noninvasive
means (1). The diffusion tensor represents water molecular
diffusivity in the presence of restrictions, such as cellular
and cytoplasmic barriers. The anisotropy of the diffusion,
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described by the relative anisotropy (RA), the fractional
anisotropy (FA), or the volume ratio (VR), is predominantly caused by the orientation of ﬁber tracts in white
matter (WM) and is inﬂuenced by intraaxonal organization, density of ﬁber, and degree of myelination (2). While
many recent studies using DT-MRI have focused on ADC
and anisotropy measurements (3– 6), these studies have
not quantiﬁed the eigenvector orientation properties of the
diffusion tensor in speciﬁc anatomic regions, such as WM
tracts or basal ganglia, or in speciﬁc disease states, such as
edema or inﬁltrative tumor.
RGB (red-green-blue) color maps and WM tractography
methods have been developed to display the directional
information and tissue organization described by the diffusion tensor (7). However, these methods, although visually appealing, do not lend themselves well to quantitative
and statistical analysis, thereby limiting their utility.
The theory and methodology of directional statistics (8)
is appropriate for the quantitative analysis of diffusiontensor orientation. Directional statistics is a powerful set of
tools for describing the angular distribution of a group of
unit vectors on a spherical sample space. Under the assumption that the direction of the major eigenvector of the
diffusion tensor is collinear with the direction of WM
ﬁbers (9), it is possible to explicitly quantify the distributions of ﬁber tracts either in a region of interest or for entire
brain using directional statistics of the major eigenvectors.
The mean orientation and spread of the vector distribution
may be used to assess the degree of ﬁber coherence in a
region of interest, the degree of deviation or disruption by
a pathologic process, or the interhemispheric symmetry of
speciﬁc WM tracts.
In this study, a set of methods for visualizing and quantifying the directional statistics of DT eigenvectors in a
region of interest are described. These methods are applied
to the DT-MRI brain studies of ﬁve healthy human subjects. The eigenvector dispersion and interhemispheric
symmetry are quantiﬁed for several well-characterized ﬁber tracts. Further, the application of these methods to
brain pathology is demonstrated by using them to analyze
two varieties of pathologic tract disruption: tumor inﬁltration and vasogenic edema (one subject with each).

THEORY
Diffusion Tensor and Major Eigenvector
In brain tissues, water diffusion can be characterized by
the symmetric 3 ⫻ 3 diffusion tensor matrix D:

1146

D⫽

冋

D xx
D yx
D zx

D xy
D yy
D zy

D xz
D yz
D zz

册

.

[1]

Analysis of Diffusion Tensor Orientation

1147

FIG. 1. a,b: The complementary angle of the polar angle (⌰) denotes the angle between the eigenvector and the x-y plane. The azimuthal
angle () denotes the angle between the x-axis and the vector’s projection on the x–y plane. The x, y, and z axes correspond to left, anterior,
and superior, respectively. The rose diagram in theta (c) and phi (d) of an arbitrary distribution having the direction along , as drawn in (b).

The diffusion tensor describes the magnitude and orientation of molecular mobility. The tensor can be diagonalized
to estimate the major, medium, and minor eigenvalues, 1,
2, and 3, respectively. The corresponding directions of
these eigenvalues are the major, medium, and minor eigenvectors, 1, 2, and 3, respectively. The major eigenvector 1 associated with 1 is typically assumed to be
collinear with the orientation of WM ﬁber tracts in the
brain (9).
Eigenvector Distribution Visualization
As described above, color maps can be used to display
directional trends, but such maps are generally not quantitative. A more analytical alternative is to calculate the
distribution of major eigenvectors according to their angles, ⌰ and , in 3D space, where ⌰ (complementary angle
of the polar angle) denotes the angle between the eigenvector and the x-y plane and  (azimuthal angle) denotes
the angle between the eigenvector’s projection in the x-y
plane and the x-axis. The diffusion tensor eigenvectors in
the left and right hemispheres are expected to show mirror
symmetry, so the azimuthal angle for the right side of the
brain was computed in the opposite sense (e.g., R ⫽  –

L). The x, y, and z axes correspond to the anatomic
directions of left (L), anterior (A), and superior (S), respectively, as shown in Fig. 1a,b. A “left-handed” coordinate
convention was chosen because the images were displayed
in radiologic coordinates where right and left are reversed.
This distribution may be calculated for any region of interest (ROI) and subjected to further analysis. It may also
be displayed using plotting tools as a rose diagram in Fig.
1c,d (8) or a 3D angular scatterplot. The rose diagram is a
spherical coordinate histogram of either ⌰ or  in which
the area of each sector bin is proportional to the frequency
of occurrence for the corresponding range of angles. For
the 3D scatterplot, the eigenvector direction of each voxel
is represented as a point at ⌰ and  on the surface of a
sphere.
Scatter Matrix
For a group of unit vectors having a common origin, the tip
of each vector is a point on a unit sphere. Consequently,
11,…,1n are considered to be n points on the spherical
surface. Under this assumption, the dispersion of eigenvectors can be described by the scatter matrix T about the
origin, deﬁned by:
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where t denotes vector transpose. Like the diffusion tensor, T is a 3 ⫻ 3 diagonally symmetric matrix. The eigenvalues t1, t2, and t3 of the scatter matrix describe the
distribution of points in spherical coordinates. In addition,
the eigenvectors of the scatter matrix, t1, t2, and t3, describe
the orientation of this distribution. In this application, the
unit vectors 1i are the major eigenvectors of the diffusion
tensors (D) for the ith voxel within an ROI. The scatter
matrix, T, thus quantiﬁes the distribution of major eigenvectors within a speciﬁed region.
Anisotropy of the Eigenvector Scatter Matrix
The angular uniformity of the eigenvector distribution
may be described using anisotropy measures of T that are
equivalent to the relative anisotropy (RA) measure described by Basser and Pierpaoli (1) for the diffusion tensor:

raT ⫽
FIG. 2. FA and color maps of one normal healthy subject. The 3D
ROIs were constructed by 2D ROIs drawn on contiguous axial
slices. a: The ROIs included in this FA map are EC (orange), lentiform nucleus (green), PLIC (yellow), thalamus (blue), and callosal
splenium (red). b: The ROIs included in this FA map are SLF (green),
CR (blue), and CC (red).
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where t is the mean eigenvalue. In this case, t ⫽ 0.333,
since the major eigenvectors are unit vectors. This anisotropy measure (raT) is normalized to range between 0 (isotropic) and 1 (completely anisotropic). ROIs with high raT
anisotropy indicate regions with highly coherent or collinear eigenvector organization, whereas regions with low
anisotropy indicate areas where the distribution of eigenvectors is either random or highly noncollinear.

FIG. 3. ADC, FA, and color maps of the
oligodendroglioma and the vasogenic
edema subjects. a: Both the left corona radiata (yellow ROI) and superior longitudinal
fasciculus (blue ROI) were inﬁltrated by the
oligodendroglioma. The oligodendroglioma
has hyperintensity on the ADC map. However, the FA and color maps show decreasing intensity of the WM ﬁbers affected by
this tumor. b: Both the right corona radiata
(yellow ROI) and superior longitudinal fasciculus (white ROI) were inﬁltrated by the
vasogenic edema. Similar to the oligodendroglioma, edema shows hyperintensity on
the ADC map, but hypointensity on the FA
and color maps. Contralateral ROIs are also
shown on the FA maps for both cases.
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FIG. 4. Monte Carlo computer simulation of the effect of ROI size on
the directional analysis. Eigenvector ﬁelds were generated at seven
levels of raT. The SD and mean raT were calculated from 1000
random samples. The overestimation of raT is greater for more
isotropic eigenvector distributions. The SD of estimated raT values
is similarly a function of the inherent raT and voxel number.

Symmetry Index
A measure of interhemispheric symmetry for speciﬁc brain
regions may be calculated using a symmetry index:
S ⫽ t 1L 䡠 t 1R,

[4]

which is the dot product of the scatter matrix major eigenvectors of the left and right hemisphere ROIs, t1L and
t1R. An S value approaching unity indicates a high degree
of symmetry, while S near zero indicates that the scatter
matrixes are nearly orthogonal.
SUBJECTS AND METHODS
Five healthy volunteers (three men, two women), ages
18 –22 years, participated in the study in compliance with

the university guidelines for human subjects research. DTMRI studies were performed at 3 T using a peripheralpulse gated, single-shot, diffusion-weighted spin echo EPI
sequence with diffusion tensor encoding. A quadrature
head coil was used for RF excitation and reception.
Twelve diffusion encoding directions were selected using
a numerically optimized, minimum energy encoding
scheme (10). The diffusion gradient pulse width (␦), the
separation between the diffusion gradient onsets (⌬), and
the gradient amplitude were 21 ms, 27 ms, and 30 mT/m,
respectively, generating a diffusion weighting of 912 s/
mm2 in each direction. Thirty-nine contiguous, axial,
3-mm thick slices covering the entire cerebrum and part of
the cerebellum were obtained in 6.5– 8 min, dependant
upon the subjects heart rate. The other imaging parameters
were TR/TE ⫽ 4000/72 ms, 240 mm ﬁeld of view, 120 ⫻
120 acquisition matrix interpolated to 256 ⫻ 256.
To investigate the possible use of directional statistics in a
clinical application, the DT-MRI data from two male subjects
with brain neoplasms (one oligodendroglioma Grade II, one
metastatic brain tumor) were examined prior to surgical resection. These DT-MRI studies were performed in a 1.5 T
scanner using a similar pulse sequence (although not pulse
gated) and 23 diffusion-encoding directions. The 23 encoding directions were selected using a numerically optimized,
minimum energy encoding scheme (10). The diffusion gradient pulse width, separation, and amplitude were 16 ms,
21 ms, and 40 mT/m, respectively, generating a diffusion
weighting of 995 s/mm2 in each direction. Other imaging
parameters were TR/TE ⫽ 4000/72 ms, and four NEX. Thirtynine axial, 3-mm thick, contiguous slices covering whole
cerebrum with a 240 mm FOV and 128 ⫻ 128 matrix (interpolated to 256 ⫻ 256), were obtained in roughly 15 min. In
these two cases, the corona radiata and superior longitudinal
fasciculus were inﬁltrated by the oligodendroglioma in one
patient and by vasogenic edema in the other patient. Informed consent was obtained from all subjects in compliance
with the university guidelines for human subjects research.
Distortions in the diffusion-weighted images from
eddy currents were corrected using afﬁne image registration software (11). Directional apparent diffusivities

Table 1
Mean raT, Symmetry Index S, Size and Maximum Variation of raT of Each ROI across Five Normal Subjects
ROI

raT

S

CCa
PLIC
SLF
CR
CCb
EC
Th
LN
WMc
WBd

0.94 ⫾ 0.02
0.87 ⫾ 0.03
0.85 ⫾ 0.05
0.80 ⫾ 0.04
0.78 ⫾ 0.04
0.57 ⫾ 0.07
0.40 ⫾ 0.03
0.37 ⫾ 0.07
0.12 ⫾ 0.02
0.11 ⫾ 0.01

0.99 ⫾ 0.01
0.98 ⫾ 0.02
0.98 ⫾ 0.01
0.98 ⫾ 0.01
—
0.99 ⫾ 0.00
0.99 ⫾ 0.01
0.88 ⫾ 0.13
—
—

Voxel numbers
357.50 ⫾ 99.52
304.40 ⫾ 67.00
346.00 ⫾ 122.90
1111.30 ⫾ 242.10
566.70 ⫾ 204.64
276.40 ⫾ 55.78
1470.00 ⫾ 205.39
928.80 ⫾ 246.17
152890.00 ⫾ 20495
319510.00 ⫾ 34338

min_vol_no

max_dev_raT

262
217
178
707
287
182
1189
524
136700
297357

⬍0.002
⬍0.008
⬍0.010
⬍0.006
⬍0.009
⬍0.026
⬍0.014
⬍0.020
⬍0.002
⬍0.002

The uncertainty after the ⫾ sign is 1 SD across ﬁve healthy subjects. The min_vol_no stands for the minimum ROI size (voxel number) in
the brains of ﬁve healthy subjects. The maximum deviation of raT, max_dev_raT, due to the ROI size and raT level, was estimated from
Monte Carlo simulation (Fig. 4) using the information of min_vol_no and raT value of each ROI.
PLIC: posterior limb of internal capsule; SLF: superior longitudinal fasciculus; EC: external capsule; CR: corona radiata; CC: corpus
callosum; Th: thalamus; LN: lentiform nucleus; aCC: ROI on left and right corpus callosum body; bCC: ROI on callosal genu and splenium;
c
WM: 3D white matter ROI used FA values between 0.3 and 1.0; dWB: 3D whole brain ROI used ADC values between 500 and
1000 m2/sec.
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FIG. 5. Rose diagrams and 3D scatterplot of major eigenvectors for the left posterior limb of internal capsule (PLIC) of one healthy volunteer.
a: Rose diagram of angle ⌰. The distribution of eigenvector ⌰ angles is unimodal. b: Rose diagram of azimuthal angle (). c: 3D scatterplot
of ⌰ vs. . These diagrams explicitly quantify the primary superior–inferior orientation of ﬁbers in the PLIC. S-I: superior–inferior, A-P:
anterior–posterior, and L-R: left–right.

were calculated by the log ratio of the nondiffusionweighted signal to the diffusion-weighted signal divided
by the diffusion weighting factor. The diffusion tensor
for each voxel location was estimated using a linear least
squares ﬁt to the registered directional diffusivities (10).
The diffusion tensor was diagonalized (12) to estimate
the eigenvalues and eigenvectors at each voxel location.
3D maps of the trace of the diffusion tensor, trace{D},
and the fractional anisotropy, FA, were generated. Color
RGB maps of the major eigenvector direction weighted
by FA were generated for WM tract identiﬁcation and
segmentaion (7).
Three-dimensional brain ROIs were selected on the FA
maps. For the ﬁve healthy subjects, the regions included
the posterior limb of internal capsule (PLIC), external capsule (EC), corona radiata (CR), corpus callosum (CC), callosal genu and splenium, superior longitudinal fasciculus
(SLF), thalamus (Th), and lentiform nucleus (LN) (see Fig.
2 for example). In the patients with brain tumors, symmetric regions in the corona radiata and superior longitudinal

fasciculus were selected (Fig. 3). ROIs were selected bilaterally for each structure to test interhemispheric symmetry. The 3D ROIs were constructed by 2D ROIs drawn on
contiguous axial slices. Whole brain (combined gray matter (GM) and white matter) scatter matrix calculation was
done by segmenting the CSF signal out using empirically
derived ADC threshold in the range of 500 –1000 m2/sec.
Whole brain WM selection was done by selecting voxels
with FA values greater than 0.3.
For each voxel within an ROI, the major eigenvector of
the diffusion tensor was recorded. Directional vector analysis was applied to each anatomical region (ROI) of major
eigenvectors. The scatter matrix (T), the anisotropy (raT),
and the symmetry index (S) were calculated according to
Eqs. 2– 4. Because the sign of the eigenvectors is ambiguous (1i and –1i were considered identical), the analyses
included both 1i and –1i.
The number of measurements (e.g., voxels in an ROI)
may inﬂuence the directional statistics. For example, it is
likely that for small ROIs in regions with more isotropic

FIG. 6. Rose diagrams and 3D scatterplot for right superior longitudinal fasciculus (SLF) of the same volunteer. a: Rose diagram of angle
⌰. Most of the eigenvectors lay close to the x-y plane. b: Rose diagram of azimuthal angle (). The majority of the vectors are oriented
anteroposteriorly. c: 3D scatterplot of ⌰ vs. . These diagrams explicitly quantify the primarily anteroposterior orientation of ﬁbers in this
portion of the SLF.
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FIG. 7. Rose diagrams and 3D scatterplot for the callosal genu of the same volunteer. a: Rose diagram of angle ⌰. Most of the eigenvectors
lay close to the x-y plane. b: Rose diagram of azimuthal angle (). The majority of the vectors are left–right oriented. c: 3D scatterplot of
⌰ vs. . These diagrams explicitly quantify the primarily left–right orientation of ﬁbers in the midsagittal portion of the callosal genu.

eigenvector distributions, the anisotropy of the scatter matrix (raT) will be overestimated with larger variances. A
Monte Carlo computer simulation was used to investigate
the effect of ROI size (voxel number) on the directional
analysis. Eigenvector ﬁelds (with 7 ⫻ 106 voxels) were
generated for seven levels of raT in the absence of noise.
Twelve ROI sizes between 20 and 2 ⫻ 105 voxels were
simulated by randomly sampling from the larger eigenvector ﬁeld. The random sampling was repeated 1000 times.
The raT was calculated for each iteration. The mean and
standard deviation (SD) of the measured raT values were
calculated for each true raT level and ROI size.
RESULTS
The effects of ROI size on raT measurements studied with
Monte Carlo simulation are shown in Fig. 4. For small ROI
sizes, the raT tends to be overestimated. The overestimation of raT is greater for more isotropic eigenvector distributions. The SD of estimated raT values is similarly a
function of the inherent raT and voxel number. Both the
bias and variance of the estimated raT values decrease if
either the sample number is increased or the inherent raT
is large. Table 1 lists the average raT values and minimum
ROI sizes for the ﬁve healthy subjects, along with the
corresponding maximum SD of raT estimated from our
Monte Carlo simulation. In this study, the maximum simulated deviation of raT is 0.026 (in the external capsule
(EC) of one subject with an ROI size of 182 voxels and raT
0.55). The estimated deviation of raT at this level would
not have a signiﬁcant impact on the raT data analysis in
this study. Note that the simulation did not take the effects
of measurement noise into account. Measurement noise
would likely increase the variance of the raT estimates.
The distributions of the major eigenvector directions for
left posterior limb of internal capsule, right superior longitudinal fasciculus, and callosal genu of one volunteer are plotted in Figs. 5, 6, and 7, respectively. The rose diagrams of the
same ROIs (PLIC, SLF, and CC) for both hemispheres and
across all ﬁve volunteers are very similar. These three WM
ﬁber tracts are known for their highly organized structure and

their orientations in S-I, A-P, and L-R directions, respectively. Our visualization tools clearly depict the distribution
of WM tract directions for these WM structures. Figure 8
shows the eigenvector distribution for WM over the whole
brain for one subject. The distribution over the whole brain
appears much more isotropic, which is consistent with the
wide directional distribution of WM tracts in the human
brain.
The average eigenvalues of the scatter matrix for the
healthy subjects are listed in Table 2. The uncertainty is
deﬁned as 1 SD calculated from the estimates across the
ﬁve subjects and both hemispheres. Table 1 lists the regional average and SD across subjects for the scatter matrix
anisotropy, raT, symmetry index, S, and voxel number
(ROI size). The CC, PLIC, SLF, and CR demonstrated the
most anisotropic eigenvector distributions (i.e., highest
raT values) (Table 1). High raT values reﬂect that most of
the major eigenvectors in a selected region are nearly parallel. The major eigenvectors of the EC also appear to show
highly anisotropic eigenvector distributions. The smaller
scatter matrix anisotropy for EC relative to PLIC or CC is
consistent with its divergent organization. The observed
scatter matrix anisotropy in the thalamus (Th) and the
lentiform nucleus (LN) are lower than most WM regions
but are still considerably anisotropic, indicating some degree of coherent organization. The eigenvector scatter matrices for both the whole brain (WB: both GM and WM) and
the whole brain WM show more isotropic distributions of
eigenvectors, as expected.
The rose diagrams and the 3D scatterplots for eigenvector distributions of PLIC, SLF, EC, CR, and Th are very
similar between hemispheres within subjects. This is reﬂected in the measured mean symmetry index (Table 1).
The degree of symmetry was quite high (ⱖ0.98) for all of
the WM tracts and the thalamus but was lower and more
variable across subjects for the lentiform nucleus.
Rose diagrams for the tumor-inﬁltrated WM and contralateral unaffected WM for the subject with the oligodendroglioma are shown in Fig. 9a– d. The 3D ROIs were drawn
bilaterally on the SLF (Fig. 3a: blue ROI). The 2D scatterplot
of bilateral eigenvectors is shown in Fig. 9e,f. Rose and 2D
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FIG. 8. Rose diagram and 3D scatter plot of whole brain WM using FA thresholds of ⬎0.3. This dataset represents the whole brain WM
voxels without left or right hemispheres separation and ﬂipping of the eigenvectors over one hemisphere. Because the sign of the
eigenvectors is ambiguous, for each 1i we added –1i for more intuitive visual presentation. a: Rose diagram of angle ⌰. b: Rose diagram
of azimuthal angle (). c: 3D scatterplot of ⌰ vs. . The distribution of whole brain WM is nearly isotropic due to the wide variety of differently
oriented ﬁber tracts.

scatterplots of the CR for the patient with inﬁltrating vasogenic edema are shown in Fig. 10 (Fig 3b: yellow ROI). These
ﬁgures indicate that the tumor inﬁltration signiﬁcantly altered the distributions of eigenvectors compared to the contralateral side, whereas the edema inﬁltration caused fewer
changes to the WM eigenvector distributions.
Table 3 lists the symmetry index, raT, and other properties
of the scatter matrices for the CR and SLF tracts of both the
subject with the inﬁltrating oligodendroglioma and the subject with the inﬁltrating vasogenic edema. The SLF inﬁltration with vasogenic edema showed a decreased raT value.
The other tracts that were studied showed less signiﬁcant
changes in raT between affected and unaffected WM regions.
However, the symmetry indices of both CR and SLF in the
vasogenic edema case are higher than those of the oligodendroglioma subject. This may reﬂect that the tumor affected
WM tract organization more than edema (13–15).

the brain midline. Note that the coordinate system will not
inﬂuence the scatter anisotropy measure, raT, as it is directionally invariant.
The size, shape, and orientation of both the voxels and
the ROI may also inﬂuence the distribution of eigenvectors
used to estimate the scatter matrix. If the directional statistics are calculated for a tensor ﬁeld with heterogeneity
in the major eigenvector orientations, the scatter matrix
could vary signiﬁcantly according to the spatial dimensions and orientation of the voxels. A similar problem
arises in any imaging study that uses ROIs. With the exception of the whole brain measurements, ROIs were selected in relatively homogeneous WM regions, so that
these effects should be minimized. Consequently, in this
study, which used anisotropic voxel dimensions (0.9375 ⫻
0.9375 ⫻ 3), we would expect the results in most of these
regions to be relatively independent of the voxel geometry.
Conversely, the directional statistics of the whole brain,

DISCUSSION
In this study, a set of quantitative and visual tools for
analyzing the distribution of diffusion-tensor major eigenvectors in speciﬁc anatomic regions was described and
tested in both normal subjects and patients with pathology. To our knowledge, a quantitative method for quantifying regional diffusion-tensor eigenvector properties has
not been reported previously.
The spherical coordinate for rose diagrams and scatterplots in this study is based on the MRI scanner frame.
Slight changes in head position will change the average
direction and may affect the hemispheric symmetry. Although head positioning in this study showed excellent
symmetry about the midline, no attempt was made to
correct for head tilt about the x-axis (e.g., the chin moving
up or down). In this study, the main comparisons were
within-subject (e.g., across hemispheres), so that head tilt
about x-axis was not a problem. Future studies that use
these methods to compare subject groups may want to
establish a normalized reference frame, such as the AC-PC
line (anterior commissure and posterior commissure) and

Table 2
Eigenvalues of Scatter Matrix T vs. Different ROI
T
ROI
a

CC
PLIC
SLF
CR
CCb
EC
Th
LN
WMc
WBd

t1

t2

t3

0.96 ⫾ 0.02
0.90 ⫾ 0.04
0.90 ⫾ 0.04
0.90 ⫾ 0.04
0.85 ⫾ 0.03
0.66 ⫾ 0.05
0.60 ⫾ 0.03
0.52 ⫾ 0.05
0.41 ⫾ 0.02
0.38 ⫾ 0.00

0.03 ⫾ 0.01
0.08 ⫾ 0.08
0.07 ⫾ 0.02
0.10 ⫾ 0.02
0.13 ⫾ 0.04
0.29 ⫾ 0.08
0.30 ⫾ 0.04
0.33 ⫾ 0.03
0.32 ⫾ 0.02
0.35 ⫾ 0.01

0.02 ⫾ 0.01
0.01 ⫾ 0.01
0.03 ⫾ 0.01
0.10 ⫾ 0.02
0.02 ⫾ 0.02
0.03 ⫾ 0.02
0.10 ⫾ 0.01
0.11 ⫾ 0.04
0.27 ⫾ 0.02
0.26 ⫾ 0.01

t1, t2, and t3 are the major, medium, and minor eigenvalues of
scatter matrix T.
a
CC: ROI on left and right corpus callosum body; bCC: ROI on
callosal genu and splenium; cWM: 3D white matter ROI used FA
values between 0.3 and 1.0; dWB: 3D whole brain ROI used ADC
values between 500 and 1000 m2/sec.
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FIG. 9. Rose diagrams of the superior longitudinal fasciculus
(SLF) for the oligodendroglioma
subject. a,b: The distributions of
angle ⌰ for contralateral and oligodendroglioma invasive SLF.
c,d: The distribution of angle  for
SLF. e,f: The 2D scatterplots.
These plots reveal an altered distribution of eigenvectors in the tumor-inﬁltrated tracts compared to
the normal contralateral tracts. 2D
scatterplots were used here because of the broad directional
distributions that were difﬁcult to
view on a single projection of a
sphere surface.

which has substantial heterogeneity of eigenvector orientations, may be much more sensitive to the dimensions
and orientations of the sample voxels.
The simulation investigating the effects of ROI size vs.
raT measure suggests that the ROI sizes used in this study
should not affect the accuracy of the raT measure. While
some WM ﬁber tracts tend to have smaller ROI sizes (e.g.,
the internal capsule), relatively high raT values minimize
the variation. The deep GM structures that we examined,
thalamus and lentiform nucleus, have moderate raT value
and ROI size around 1000 voxels, which could induce
variances in raT at similar levels as that of EC. Although
the whole brain tissue and whole brain WM have nearly
isotropic characteristics (raT ⫽ 0.12 and 0.11, respectively), the ROI size is very large, with voxel numbers on
the order of 105. The results of this study indicate that
directional statistics can provide meaningful and accurate

quantitative information regarding the distribution of eigenvectors in a brain region.
The scatter matrix (also called the dyadic tensor (16 –
18)) has been used previously to study eigenvector dispersion in diffusion-tensor imaging. However, these studies
used scatter matrices to describe angular dispersion vs.
measurement noise (16) or as a measure of eigenvector
coherence across subjects in a normalized image space
(18). The scatter matrix approach to quantify the orientation, coherence, and interhemispheric symmetry of regional eigenvector distributions for purposes of tissue
characterization is demonstrated for the ﬁrst time in this
study. In recent studies, Li (19) and Hasan et al. (20)
estimated the distributions of the polar and azimuthal
angles of the diffusion-tensor major eigenvectors in normal
brain, but directional statistics were not used. Note that
although this study focused on characterizing the angular

1154

Wu et al.

FIG. 10. Rose diagrams of the
corona radiata (CR) for the vasogenic edema subject. a,b: The
distributions of angle  for contralateral normal and edema inﬁltrating CR. c,d: The distribution of
angle () for CR. e,f: The 2D scatterplots. These plots reveal an altered distribution of eigenvectors
in the edema-inﬁltrated tracts
compared to the normal contralateral tracts.

distributions of major eigenvectors, the same principles
could be applied to the directions of the medium and
minor eigenvectors. The distributions of these vectors has
been largely ignored in most DT-MRI studies.
As expected, a high degree of eigenvector symmetry was
found for all major WM tracts and the thalamus. Although the
number of subjects in this study is relatively small, it is expected

that the results from other healthy subjects will be similar and
that the symmetry index deﬁned herein will be a useful parameter in the assessment of regional WM pathology.
One interesting result is that such deep GM regions as
thalamus and lentiform nucleus have moderate raT values.
This result in thalamus is consistent with the bowtie plots
of eigenvectors as described by Jones et al. (18). Their

Table 3
Scatter Matrix Properties of One Oligodendroglioma Subject and One Edema Subject
Subject

ROI

Side





raT

S

Oligodendroglioma

CR

Oligo
Normal
Oligo
Normal
Edema
Normal
Edema
Normal

38.32
73.74
7.47
17.46
87.22
78.54
⫺9.21
⫺16.86

162.95
162.26
274.62
307.35
166.28
115.35
142.33
142.65

0.74
0.66
0.46
0.52
0.52
0.71
0.55
0.73

0.80

SLF
Vasogenic Edema

CR
SLF

0.74
0.99
0.99

Analysis of Diffusion Tensor Orientation

study in 10 healthy subjects demonstrated that the thalamus has fairly high “intersubject” coherence, despite a low
“intrasubject” fractional anisotropy of the diffusion tensor.
However, the results here focus on “intrasubject” properties. One possible explanation of the high hemispheric
symmetry of principal eigenvectors in the thalamus may
be attributed to the ordered neuroanatomic structure of
thalamus, which includes not only major GM nuclei, but
also many connecting ﬁbers.
The symmetry index, S, is most meaningful if the angular
distributions are both unimodal and symmetric. As the distributions of eigenvectors in a region become more complex,
using t1 to represent the main orientation of the distribution
may not be appropriate. Further, other measures such as the
mode and median vectors (similar to the modes and medians
of tensors in Jones et al. (18)) may be preferable to the t1 major
eigenvector for symmetry analyses.
As a ﬁrst step towards clinical application, we identiﬁed
and quantiﬁed increased alteration of eigenvector directional distributions in a case of inﬁltrating oligodendroglioma as compared to a case of vasogenic edema. It should
be noted that these two cases were not differentiated from
each other by ADC, FA (15), or conventional MRI, including T2-weighted images. There was no obvious bulk mass
displacement to account for the altered distribution of
eigenvector directions in the oligodendroglioma, thus the
shifted phi distribution from the contralateral normal tissue in Fig. 9c,d appears to have resulted from microstructural changes. Therefore, the ﬁndings suggest that disruption of tissue microstructure by the inﬁltrating tumor may
differ by nature or degree from that caused by the vasogenic edema, and that this difference may be quantiﬁable
through diffusion-tensor directional statistics. Certainly,
no conclusions can be drawn from this small demonstration, but it does suggest that further study of this approach
is warranted.
It is unclear whether or not the assumption of collinearity between the major eigenvector and the orientation of
WM ﬁber tracts is valid in the diseased brain. Indeed,
complex tissue reorganization by inﬁltrating lesions could
cause the local major eigenvector direction to correspond
to nonaxonal tissue organization. However, if speciﬁc pathology can be shown to affect the eigenvector distributions in a repeatable manner, it may still be possible to use
these directional statistics measures for characterizing diseased tissues.
CONCLUSIONS
The scatter matrix formalism provides novel information
about the distribution of major eigenvector directions. The
vector distribution can be quantiﬁed using directional statistics and visualized using rose diagrams and directional
scatterplots. This approach objectiﬁes the analysis of directional diffusion in pathologic brain tissue, which has
previously relied on subjective assessments of directional
color maps or similar displays. The explicit quantitation of
eigenvector directional distributions promises to ﬁnd im-
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portant application in noninvasive tissue characterization
and clinical research.
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